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(Non-cooperative) Differential (two player) games

Dynamical systems:
® Player 1: & = fi (€1, u1)
® Player 2: & = f(&2, )

with inputs u;, u> and states &;, &.
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(Non-cooperative) Differential (two player) games

Dynamical systems:
® Player 1: & = fi (&1, u1)
® Player2: & = f2(&, u2)

with inputs u;, u> and states &;, &.

More generally, coupled dynamics:

€=f(& u,u)

with overall state ¢ and inputs u;, u
(corresponding to players 1 and 2).

2/11



(Non-cooperative) Differential (two player) games
Differential game

Dynamical systems:

i V(&) = min max/ L(&(2), ur(2), u2(t)) dr + G(x(T))
® Player 1: & = fi(&1,u1) u () w() Jo

o Player 2: & — fo(&s, u2) s.t. 5(0) =& + Initial condition
with inputs u;, u» and states &, &. £(1) = £(£(0), w1 (1), ua (1)) < Dynamics
(w1 (1), u2(2)) € Uy X Uy < Input constraints
) £(0) € & < Domain of interest/Game set
More generally, coupled dynamics: .
(&(7),&(7)) € Xr < Terminating condition

é:f(gzulvlh)

with overall state ¢ and inputs u;, u Additionally:

(corresponding to players 1 and 2).
P soPy ® V(-): Optimal value fcn

® [(-): Running costs

® G(-): Terminal costs
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(Non-cooperative) Differential (two player) games

Differential game

Dynamical systems:
® Player 1: & = fi (€1, u1)

V(&) = min max/o L(&(2), ur(2), u2(t)) dr + G(x(T))

ur(-) u(-)

o Player 2: & — fo(&s, u2) s.t. 5(0) =& + Initial condition
with inputs u;, u» and states &, &. £(1) = £(£(0), w1 (1), ua (1)) < Dynamics
(w1 (1), u2(2)) € Uy X Uy < Input constraints
) £(0) € & < Domain of interest/Game set
More generally, coupled dynamics: .
) (&(7),&(7)) € Xr < Terminating condition
€ :f(£7u|7u2)
with overall state ¢ and inputs u;, u Additionally: We are interested in

(corresponding to players 1 and 2).

® [(-): Running costs

® G(-): Terminal costs

® V(-): Optimal value fcn

® opt. input uj (¢), u; (1)
® opt. feedback laws

ui (§(1)), u3 (£(1))
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Examples of (classical) Differential (two player) games

Lion and Man (Pursuit-evasion game):
. . . Agile agent:
® Fast agile agent (Lion) attempts to catch a slower agile

agent (Man). Lion minimizes capture time; Man qi(t) = visinu (¢)
maximizes the capture time. .

p yi(t) = vicosup (¢).
® constant speed: vi > 0

® heading: u; € (—m, 7] (input)
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Examples of (classical) Differential (two player) games

Lion and Man (Pursuit-evasion game):

® Fast agile agent (Lion) attempts to catch a slower agile
agent (Man). Lion minimizes capture time; Man
maximizes the capture time.

Homicidal chauffeur:

® Runner (slow, agile agent), against chauffeur of a motor
vehicle (fast, less maneuverable). Chauffeur attempts to
run the runner down (in minimal time). Runner attempts
to avoid the vehicle (as long as possible)

Agile agent:
Xi1(f) = visinu ()
yi(t) = vi cosu(1).
® constant speed: vi > 0
® heading: u; € (—m, 7] (input)
Less maneuverable agent (Dubins vehicle):
562(1‘) = vy sin Gz(l‘)
¥2(8) = v2 cos 0a(1)
éz(l‘) = UJzuz(l).
® constant speed: v;
® maximum turn rate: w»

® norm. turn rate: u(t) € [—1, 1] (inp.)
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Examples of (classical) Differential (two player) games

Lion and Man (Pursuit-evasion game):

® Fast agile agent (Lion) attempts to catch a slower agile
agent (Man). Lion minimizes capture time; Man
maximizes the capture time.

Homicidal chauffeur:

® Runner (slow, agile agent), against chauffeur of a motor
vehicle (fast, less maneuverable). Chauffeur attempts to
run the runner down (in minimal time). Runner attempts
to avoid the vehicle (as long as possible)

Suicidal pedestrian:

® Reversed “homicidal chauffeur”. The roles of the runner
and the chauffeur are switched.

Agile agent:
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Examples of (classical) Differential (two player) games

Lion and Man (Pursuit-evasion game):

® Fast agile agent (Lion) attempts to catch a slower agile
agent (Man). Lion minimizes capture time; Man
maximizes the capture time.

Homicidal chauffeur:

® Runner (slow, agile agent), against chauffeur of a motor
vehicle (fast, less maneuverable). Chauffeur attempts to
run the runner down (in minimal time). Runner attempts
to avoid the vehicle (as long as possible)

Suicidal pedestrian:

® Reversed “homicidal chauffeur”. The roles of the runner
and the chauffeur are switched.

Pursuit-evasion & surveillance-evasion games:
® Pursuing agent attempts to catch evading agent

® Evading agent attempts to escape surveillance radius of
pursing agent

Agile agent:
Xi1(f) = visinu ()
yi(t) = vi cosu(1).
® constant speed: vi > 0
® heading: u; € (—m, 7] (input)
Less maneuverable agent (Dubins vehicle):
562(1‘) = vy sin Gz(l‘)
¥2(8) = v2 cos 0a(1)
éz(l‘) = UJzuz(l).
® constant speed: v;
® maximum turn rate: w»

® norm. turn rate: u(t) € [—1, 1] (inp.)
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Examples of (classical) Differential (two player) games

Prying pedestrian: (A surveillance-evasion game)

(1]

® Slow, agile agent attempts to maximize surveillance of fast
less maneuverable agent

® Fast, less maneuverable agent attempts to minimize
surveillance of slow agile agent

P. Braun, T. L. Molloy and 1. Shames; Prying
Pedestrian Surveillance-Evasion: Minimum-Time Evasion
from an Agile Pursuer, Journal of Guidance, Control, and
Dynamics 48 (9), 2090-2104, 2025

Agile agent:
X1(t) = visinui (1)
yi(t) = vicosui (t).
® constant speed: vi > 0
® heading: u; € (—m, 7] (input)
Less maneuverable agent (Dubins vehicle):
sz(l‘) = 1, sin 02([)
¥2(8) = v2 cos 0a(r)
éz(l‘) = wzuz(l‘).

® constant speed: v»
® maximum turn rate: w;

® norm. turn rate: u>(t) € [—1, 1] (inp.)
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Prying Pedestrian Differential Game

Fast Evader (u, € [—1,1])

Xe v, sin 6, (1)
&= 3 | = | vecos 0.(t)
0, Welte (1).

Agile Pursuer (6, € R)

£, = [ (1) } _ [ v, sin 6, (1) }

V(1) vp cos 8, (1)

Pursuer

Evader

Evader Centric Coordinates

E(1) = fE@),ue(r),up(1)), €= { . ] ) P

F(E o, uy) = —WeYlhe + Vp SiN Uy, e
Ve WeXlle — Ve + V, COSU, | YRF
eXUe P P

XRF
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Prying Pedestrian Differential Game

Fast Evader (u, € [—1,1])
Prying pedestrian Surveillance Evasion Game

' Xe Ve sin 0, (1) T
e = Ye | = | VeCOS He(t) V(&) = min max / 1dr
0, Welle(1). ue:[0,T]=[—1,1] up:[0,T] >R Jq
Agile Pursuer (6, € R) s.t &) = (&), ue(2), up(1),  £(0) = &o

€O)2<p, ED2=p GIEDE>0

o= [0 ] - [22df ]

Evader Centric Coordinates

A fast Evader (E) escapes the surveillance of
an agile Pursuer (P) in minimum time

: X
§(1) = (&), ue(t), up(1), &= { y } Optimal Value function V(&) represents
. optimal time to end the game.
F(E ey uy) = —WeYUe + VpSinu,
Ve WeXlUle — Vo + VpCOSU, |

4/11



Solution of the game of degree

3 3 3 §e(T*/}'
2 2 £(T7) * 2 v Solution Concept:
N Backward
* T
1 Ee(?) . &( ) . reachability
0 £.(0) L(T*) o £ (0)0 0 analysis Yia HII
¢ (0;& equation
-1 P -1 §P (O) -1
-2 0 2 -2 0 2 2
1 T — - T T
A1 \ S Implicit feedback characterization (and adjoint variables VV(-)):
0.5 1 )
[ } e (€) = arg min [(V,V(§)x — ViV (§)y)weu]
s ob & i ue€[—1,1]
\ ] = sign(VVi(§)y — VVy(§)x)
0.5 u, (&) = arg max [(VVi(€) sinu, + V'V, (€) cos up)vp)

up(ﬁ)ER
= arctan, (VVx(sf), VVy(f))
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From open-loop solutions to feedback laws (using neural networks)

Opt. val. fcn
Yy ()
_
Input FC+ReLU FC+ReLU FC+ReLU adjoint var.
[ 13 ] [ (10) ] [ (25) l [ (10 [ Yav (§) ]
~
Feedback law
Yu(§)
Loss function: (k10(x) = 10x[; + |x]3)
L(&) = kio(¥v(€) — V(E)) + rio(Wav(€) — VV(E)) <+ Penalize (derivative of) opt. val. fcn.

|

o (56— [29])
+ k10 (Vb (§) — tav(§))

sign(vay,1(&)&2—Yav,261) —Pu,1(€)

arctany (Yav,1(€),%av,2(€))

—u,2(8)

)

+ Penalize input
<— Penalize NN output mismatch

< Penalize implicit feedback char.
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Solutions and Feedback laws




Robustness analysis of feedback laws

-0.5 0 0.5
z,
“Realistic dynamics™:

é:f(f‘f'n,ue‘f‘dea”p‘i‘dp)‘i‘mv

1
Dispersal

05¢

-0.5¢

Universal

-1

with noise n, disturbances d., d,, uncertainty m.

~> In which direction should pursuer go?
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Sample-and-hold implementation

1t 1 1 1
Sample-and-hold feedback implementation T ) J\
. B B 05 05 5 05 05 <
£(1) =1 (& hun (D), un(1), £(0) = &o
= 0 B0 B0 B0
0 U1 (£)= u,1 (E(5ek)) V1 € [0ek, be(k + 1))
O "Zu,l(l‘): Yu2(§(8pk)) V1 € [6pk, 6p(k + 1)) 0° 0° 09 09

A A - -

02002 02002 -020 02 -020 0.2
z T

T T

Sampling times:
e c 0.01 0.2 0.01 0.2
Op 0.017]10.01|’| 0.2 |’] 0.2
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Sample-and-hold implementation

Sample-and-hold feedback implementation

E(1) = f(&, Pua (1), (D), £(0) = &

° 1/;“7] (1)= u,1(§(0ck)) Vi € [dek, be(k + 1))
© "Zu,l(l‘): wu,Z(g((Spk)) Vi € [§Pk? 517(k +1))

. val. fen interpretation:

Benchmark solution: V3! (&) = 3.444
Evader is not disadvantaged: V3, (&) =3.441
Evader benefits: VJ-9'(&) = 3.228

Evader benefits: V5 (&) = 3.309

0.5 0.5 0.5 0.5 <

|
-0.5 -0.5 % -0.5 -0.5
A p—_— -1 -1 -1

02002 02002 -020 02 -020 0.2
T ki T T

Sampling times:
e c 0.01 0.2 0.01 0.2
Op 0.017]10.01|’| 0.2 |’] 0.2
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Rate of loss/gain* (through sample-and-hold-feedback)

One-step Pursuer (P) loss:

o
Ve, = i 1dt+ V(&S
o) =, min (€(6))

Vr‘iﬁn(ﬁo): approximates how much P can lose (i.e., early ter-
mination) if E knows that P uses u, (1) = u, (&) for t € [0, 6]

*D. Milutinovi¢, D. W. Casbeer, A. Von Moll, M. Pachter and E. Garcia, Eloy; Rate of Loss Characterization That
Resolves the Dilemma of the Wall Pursuit Game Solution, IEEE TAC, 68(1), 242-256, 2023
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Rate of loss/gain* (through sample-and-hold-feedback)

One-step Pursuer (P) loss:

)
Vi) =  min )Alm+wam

u.€[—1,1], u; (&

V2.:n(&): approximates how much P can lose (i.e., early ter-
mination) if E knows that P uses u, (1) = u, (&) for t € [0, 6]

One-step Evader (E) gain:

é
Vias(&0) = e [ Va4 v(e(@)

Vglax(ﬁo): approximates how much E can gain (i.e., game pro-
longation) if P knows that E uses u.(t) = u; (&) for ¢ € [0, J]

*D. Milutinovi¢, D. W. Casbeer, A. Von Moll, M. Pachter and E. Garcia, Eloy; Rate of Loss Characterization That
Resolves the Dilemma of the Wall Pursuit Game Solution, IEEE TAC, 68(1), 242-256, 2023
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Rate of loss/gain™ (through sample-and-hold-feedback)

One-step Pursuer (P) loss: Voin () = V(- anax -

' 0
Vi) =, min_ [ e vie)

u.€[—1,1], u,

V;ili,,(so): approximates how much P can lose (i.e., early ter-
mination) if E knows that P uses u,(1) = u, (&) for ¢ € [0, J]

One-step Evader (E) gain:

é
Vias(&) = max [ tar+ v(e(o)

V3 ax (&0): approximates how much E can gain (i.e., game pro-
longation) if P knows that E uses u.(f) = u; (&) for ¢t € [0, ]

*D. Milutinovié, D. W. Casbeer, A. Von Moll, M. Pachter and E. Garcia, Eloy; Rate of Loss Characterization That
Resolves the Dilemma of the Wall Pursuit Game Solution, IEEE TAC, 68(1), 242-256, 2023
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Conclusions & Outlook

Building on
® open-loop solutions of the Prying Pedestrian
Surveillance evasion game

® we have used NNs to obtain feedback
control laws

Using NN based feedback controllers

® we have numerically analysed the rate of
loss/gain of (asymmetric) sample-and-hold
feedback implementations

Future work will focus on
® an analytical analysis of the rate of loss/gain

® the rate of loss/gain in other differential
games

Our NN is based on a fixed set of parameters.

® (Can parameters (speed, turn rate,
surveillance radius) be considered as
additional input?

® Can we ‘learn’ the opponents parameters
online?
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