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Min-Max Problems

min
x

max
y

f(x, y),

Generative Adversarial
Networks

Noise Generator Fake

RealDiscriminatorOutput

Distributionally Robust
Optimization

inf
β

sup
P∈Ω

EP
[hβ(z)]

z ∼ P

P ∈ Ω

Non-cooperative Games
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Fixed Point Iterations & Dynamical Systems

Gradient Descent Ascent (GDA):

xk+1 = xk − η
τ∇xf(xk, yk)

yk+1 = yk + η∇yf(xk, yk)

(step sizes τ , η)

Discrete-time dynamical system:

zk+1 = w(zk)

If we define

z =

[
x
y

]
, Λτ =

[
1
τ I 0
0 I

]
F (z) =

[
∇xf(z)

−∇yf(z)

]

then, GDA as (discrete-time) dynamical System

zk+1 = w(zk) = zk − ηΛτF (zk)

Here,

an equilibrium of the dynamical system (i.e.,
w(ze) = ze) satisfies F (ze) = 0

a fixed point of GDA satisfies F (zk) = 0

a stationary/critical point of f satisfies
F (z) = 0

But, what about

second-order optimality?

convergence (stability/instability)?

connections to continuous-time dynamics

ż(t) ≈ z(t+ η)− z(t)

η
= −ΛτF (z(t))
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Optimality Conditions and Definitions

min
x

max
y

f(x, y), z = (x, y)

(Assumption: Finding all stationary points is hard.)

Definition (Lipschitz continuity)

f has globally Lipschitz continuous gradients
with Lipschitz constant L1(f) > 0 if

∥∇f(z1)−∇f(z2)∥ ≤ L1(f)∥z1 − z2∥ ∀z1, z2

Definition (Stationary (Critical) Points)

Stationary point: ∇f(z0) = 0

Definition (ϵ-Stationary Points)

ϵ-stationary point: ∥∇f(z0)∥ ≤ ϵ for
z0 = (x0, y0) and ϵ > 0.

Definition (Saddle Points/Nash equilibria)

z∗ = (x∗, y∗) is a (local) saddle point of f if:

f(x∗, y) ≤ f(x∗, y∗) ≤ f(x, y∗) ∀(x, y) ∈ U

Proposition (Second order optimality)

Any saddle point (x∗, y∗) is a critical point of
f and satisfies

∇2
xxf(x

∗, y∗) ⪰ 0 and ∇2
yyf(x

∗, y∗) ⪯ 0.
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Second-Order Optimality Analysis: A Dynamical Systems Perspective

Consider z+ = w(z), ze = w(ze), w(·) is a C1-function

Definition (Stability)

The equilibrium ze is

locally stable if, ∀ ε > 0 ∃ δ > 0, such that
z0 ∈ Bδ(z

e) =⇒ zk ∈ Bε(z
e) ∀ k ≥ 0

unstable if it is not stable

locally asymptotically stable if it is stable and
∃ δ > 0 such that limk→∞ zk = ze ∀ z0 ∈ Bδ(z

e) .

Theorem

If ρ(∂w∂z (z
e)) < 1, then ze is locally asymp. stable.

If ρ(∂w∂z (z
e)) > 1, then ze is unstable.

Is there a connection between stability and saddle
points/Nash equilibria?
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Limitations of GDA

zk+1 = w(zk) = zk − ηΛτF (zk), z =

[
x
y

]
, Λτ =

[
1
τ I 0
0 I

]
, F (z) =

[
∇xf(z)

−∇yf(z)

]

Jacobian GDA dynamics:

∂w

∂z
(ze) = I + ηΛτH(ze), H(z) =

[
−I 0
0 I

]
∇2f(z)

GDA diverges for any choice of step sizes, when H has imaginary eigenvalues at the saddle
point as ρ(∂w∂z (ze)) > 1.

Example:

f(x, y) = xy

Even though (0, 0) is a
saddle point, GDA does
not converge.
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Generalised Extra Gradient Algorithm

Generalised Extra Gradient algorithm:

x̂k = xk − α1x∇xf(xk, yk)

ŷk = yk + α1y∇yf(xk, yk)

xk+1 = xk − α2x∇xf(x̂k, ŷk)

yk+1 = yk + α2y∇yf(x̂k, ŷk)

Step size simplification

γ =
α2x

α1x
=
α2y

α1y
, τ =

α1y

α1x
=
α2y

α2x

η = α1y

Extra Gradient Algorithms in the Literature:

Algorithm Parameters

EG τ = 1 γ = 1

τ -EG τ ≥ 1 γ = 1

EG+ τ = 1 0 < γ ≤ 1

GEG τ > 0 γ > 0

Recall notation:

z=

[
x
y

]
, Λτ =

[
1
τ I 0
0 I

]
, F (z)=

[
∇xf(z)

−∇yf(z)

] GEG as Dynamical System:

zk+1 = w(zk) = zk − γηΛτF (zk − ηΛτF (zk))
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Step size simplification

γ =
α2x

α1x
=
α2y

α1y
, τ =

α1y

α1x
=
α2y

α2x

η = α1y

Extra Gradient Algorithms in the Literature:

Algorithm Parameters

EG τ = 1 γ = 1

τ -EG τ ≥ 1 γ = 1

EG+ τ = 1 0 < γ ≤ 1

GEG τ > 0 γ > 0

Recall notation:

z=

[
x
y

]
, Λτ =

[
1
τ I 0
0 I

]
, F (z)=

[
∇xf(z)

−∇yf(z)

] GEG as Dynamical System:

zk+1 = w(zk) = zk − γηΛτF (zk − ηΛτF (zk))

Philipp Braun 8 / 21 Limit Points of Min-Max Algorithms



Generalised Extra Gradient Algorithm

Generalised Extra Gradient algorithm:

x̂k = xk − α1x∇xf(xk, yk)
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GEG for f(x, y) = xy

GEG as Dynamical System:

zk+1=w(zk)=zk−γηΛτF (zk−ηΛτF (zk))

Linearisation of w:

∂w

∂z
(z) = I + γηΛτH(z − ηΛτF (z))

(
I + ηΛτH(z)

)
where

H(z)=

[
−I 0
0 I

]
∇2f(z)

For f(x, y) = xy with η = 0.5, τ = 0.2 and γ = 0.25
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GEG Limit Points

GEG: zk+1=w(zk)=zk−γηΛτF (zk−ηΛτF (zk))

Theorem

Let f be C2

Let ∇f be globally Lipschitz with L > 0

Let η ∈ (0, c
L ) for c > 0.

If (τ, γ) ∈ P1 ∪ P2, where

P1 = {(τ, γ)|0 < τ ≤ 1, 0 < γ ≤ τ2

cτ+c2 }
P2 = {(τ, γ)|τ ≥ 1, 0 < γ ≤ 1

c+c2 },
then

for any unstable equilibrium z∗ of GEG,
R(z∗) is of measure zero.

Visualisation of P1 ∪ P2 for c = 0.8

0 1 2 3 4 5
τ

0.0

0.2

0.4

0.6

0.8

1.0

γ

1
2

Region of attraction: R(z∗) =
{
z0

∣∣∣ lim
k→∞

zk = z∗, zk+1 = w(zk)
}
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GEG Limit Points

GEG: zk+1=w(zk)=zk−γηΛτF (zk−ηΛτF (zk))

Theorem

Let f be C2, ∇2f(z∗) be invertible and let τ > 0, η ∈ (0, min{1,τ}
L ).

If [σ(ΛτH(z∗)) ⊂ R and γ ∈ (0, 8)] OR γ ∈ (0, 1]

Then the set of saddle points of f is a subset of the set of locally asymptotically stable
equilibria of GEG.

Remark

There are functions f and asymptotically stable equilibria z∗ of GEG, which do not
characterise saddle points of f.
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equilibria of GEG.

Remark

There are functions f and asymptotically stable equilibria z∗ of GEG, which do not
characterise saddle points of f.

Philipp Braun 11 / 21 Limit Points of Min-Max Algorithms



Numerical Example (Function With Several Equilibria)

f(x, y) = f1(x, y)(x− 1)2(y − 1)2 + f2(x, y)x
2y2,

f1(x, y) = −0.25x2 − 0.5y2 + 0.6xy

f2(x, y) = 0.5x2 + 0.5y2 + 4xy

Equilibria GEG-stable Saddle point

(0, 0) YES NO
(0, 1) YES YES
(1, 0) NO NO

(−4.73, 0.56) YES YES
(1.02,−0.09) NO NO
(0.73,−5.40) NO NO
(−0.09, 1.01) NO NO
(38.40,−1.49) YES YES

−5 −4 −3 −2 −1 0 1 2 3
x

−2.0

−1.5

−1.0

−0.5

0.0

0.5

1.0

1.5

2.0

y

Unstable Fixed Points

Stable Fixed Points

Local Nash and Stable Fixed Points

Classification of critical points:

(Black) unstable equilibria

(Red/White) asymp. stable equilibria

(White) asymp. stable equilibria & saddle points
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Empirical Risk Minimisation for a Binary Classification Using NN

min
θ

max
p

−∑m
i=1 pi

[
yi log(ŷ(Xi; θ)) + (1− yi) log(1− ŷ(Xi; θ))

]
− ψ

∑m
i=1

(
pi − 1

m

)2
.

ŷ(X; θ) is generated by a single-hidden-layer network (size 50, LeakyReLU) with
n = 1601, m = 455.

100 101 102 103 104

k

10−5

10−4

10−3

10−2

10−1

||∇θf ||
||∇pf || Starting from random initialisations, where

σ(∇2
θθf(z0)) ⊂ (−10, 10),

the iterates converge to limit points where

∇f(z∗) ≈ 0,

∇2
ppf(z

∗) ≺ 0,

σ(∇2
θθf(z

∗)) ⊂ (−10−5, 102).
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Intermediate summary

So far, we have . . .

considered iterative fixed point methods

written the fixed point methods as discrete-time dynamical systems

zk+1 = w(zk)

analysed stability properties of equilibria/fixed points z∗ based on eigenvalue cond.:

ρ

(
∂w

∂z
(z∗)

)
< 1 (or > 1)

But . . .

the eigenvalue condition is limited.

can we also identify continuous-time dynamical systems ż = w̄(z) for fixed point
methods (and analyse stability properties of their equilibria)?

Can we use the results to derive novel iterative algorithms?
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Stability revisited

Consider z+ = w(z), ze = w(ze),

Definition (Stability)

The equilibrium ze is

locally stable if, ∀ ε > 0 ∃ δ > 0, s.t.
z0 ∈ Bδ(z

e) =⇒ zk ∈ Bε(z
e) ∀ k ≥ 0

unstable if it is not stable

locally asymp. stable if it is stable and
∃ δ > 0 s.t.
limk→∞ ∥zk∥ze = 0 ∀ z0 ∈ Bδ(z

e)

locally exp. stable if it is stable and
∃ M, δ > 0, ρ < 1, s.t.
∥zk∥ze ≤M∥z0∥zeρk ∀k ∀ z0 ∈ Bδ(z

e)

Consider ż = w̄(z), 0 = w̄(ze),

Definition (Stability)

The equilibrium ze is

locally stable if, ∀ ε > 0 ∃ δ > 0, s.t.
z0 ∈ Bδ(z

e) =⇒ z(t) ∈ Bε(z
e) ∀ t ∈ R≥0

unstable if it is not stable

locally asymp. stable if it is stable and
∃ δ > 0 s.t.
limt→∞ ∥z(t)∥ze = 0 ∀ z0 ∈ Bδ(z

e)

locally exp. stable if it is stable and
∃ M, δ, λ > 0, s.t.
∥z(t)∥ze ≤M∥z0∥zee−λt ∀t, ∀ z0 ∈ Bδ(z

e)

Can be stated in terms of invariant sets: ∥ · ∥A, A ⊂ Rd closed (and bounded)
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Stability revisited (Lyapunov characterizations)

Consider z+ = w(z), ze = w(ze),

Definition (Stability)

The equilibrium ze is

locally exp. stable if it is stable and
∃ M, δ > 0, ρ < 1, s.t.
∥zk∥ze ≤M∥z0∥zeρk ∀k ∀ z0 ∈ Bδ(z

e)

Theorem (Lyapunov characterisation)

Equilibrium ze is exp. stable iff there exist
λ1, λ2, δ > 0, c ∈ (0, 1) and V : Bδ(z

e) → Rd

s.t.

λ1∥z∥2ze ≤ V (z) ≤ λ2∥z∥2ze
V (z+)− V (z) ≤ −cV (z) ∀z ∈ Bδ(z

e)

Consider ż = w̄(z), 0 = w(ze),

Definition (Stability)

The equilibrium ze is

locally exp. stable if it is stable and
∃ M, δ, λ > 0, s.t.
∥z(t)∥ze ≤M∥z0∥zee−λt ∀t, ∀ z0 ∈ Bδ(z

e)

Theorem (Lyapunov characterisation)

Equilibrium ze is exp. stable iff there exist
λ1, λ2, δ > 0, c > 0 and V : Bδ(z

e) → Rd

(C1) s.t.

λ1∥z∥2ze ≤ V (z) ≤ λ2∥z∥2ze
⟨∇V (z), w(z)⟩ ≤ −cV (z) ∀z ∈ Bδ(z

e)

Philipp Braun 16 / 21 Limit Points of Min-Max Algorithms



Stability revisited (Lyapunov characterizations)

Consider z+ = w(z), ze = w(ze),

Definition (Stability)

The equilibrium ze is

locally exp. stable if it is stable and
∃ M, δ > 0, ρ < 1, s.t.
∥zk∥ze ≤M∥z0∥zeρk ∀k ∀ z0 ∈ Bδ(z

e)

Theorem (Lyapunov characterisation)

Equilibrium ze is exp. stable iff there exist
λ1, λ2, δ > 0, c ∈ (0, 1) and V : Bδ(z

e) → Rd

s.t.

λ1∥z∥2ze ≤ V (z) ≤ λ2∥z∥2ze
V (z+)− V (z) ≤ −cV (z) ∀z ∈ Bδ(z

e)
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Stability Link Between Discrete and Continuous Dynamics

Consider ẋ = w̄s(z) and z
+ = ws(z) for s > 0 and common equilibrium ze.

Assumption (Consistency of order r)

For r ≥ 2, suppose that for any z0 we have

∥z(s; z0)− z+∥ = ∥z(s; z0)− ws(z0)∥ ≤ O(sr).

Theorem

If ze is locally exp./asympt. stable wrt w̄s(·),
Then ∃ s∗ such that ∀ s ∈ (0, s∗], ze is a locally exp./asymp. stable wrt. ws(·)

Example (Explicit Euler discretisation)

Consider ż = f(z) (with f(0) = 0)) and z+ = z + sf(z).
Taylor approximation: z(t+ s) = z(t) + sż(t) + s2z̈(t+ δ) = z(t) + sf(z(t)) +O(s2)
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Taylor approximation: z(t+ s) = z(t) + sż(t) + s2z̈(t+ δ) = z(t) + sf(z(t)) +O(s2)

Philipp Braun 17 / 21 Limit Points of Min-Max Algorithms



From discrete-time to continuous-time

Definition (O(sr)-resolution ODE)

For r ∈ N, consider ż = w̄r
s(z) = f0(z) + sf1(z) + · · ·+ srfr(z), fi : Rd → Rd, C1-fcns..

Then w̄r
s(z) is called O(sr)-resolution ODE of z+ = ws(z), if it satisfies

∥z(s; z0)− ws(z0)∥ = O(sr) ∀ z0 ∈ Rd.

Theorem (O(sr)-resolution ODE construction)

Consider z+ = ws(z) with w0(z) = z ∀ z ∈ Rd. Then the O(sr)-resolution ODE is unique
and coefficient functions of w̄r

s(z) can be obtained recursively, i.e.,

fi(z) =
1

(i+1)!
∂i+1ws(z)

∂si+1

∣∣
s=0

−∑i+1
l=2

1
l!hl,i+1−l(z), ∀ i = 0, 1, . . . , r,

where h0,0(z) = z, h1,i(z) = fi(z) for i ∈ {0, . . . , r} and

hj+1,i(z) =
∑i

l=0 ∇hj,l(z)h1,i−l(z), h0,i(z) = 0 for i, j ∈ {1, . . . , r}.
———————————————————
Lu, H. An O(sr)-resolution ODE framework for understanding discrete-time algorithms and applications to the linear convergence
of minimax problems. Math. Program. 194, 1061–1112 (2022).
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Generalised Extra Gradient Algorithm (revisited)

Generalised Extra Gradient algorithm:

x̂k = xk − α1x∇xf(xk, yk)

ŷk = yk + α1y∇yf(xk, yk)

xk+1 = xk − α2x∇xf(x̂k, ŷk)

yk+1 = yk + α2y∇yf(x̂k, ŷk)

Recall notation:

z=

[
x
y

]
, Λτ =

[
1
τ I 0
0 I

]
, F (z)=

[
∇xf(z)

−∇yf(z)

]
GEG as Dynamical System:

zk+1 = w(zk) = zk − γηΛτF (zk − ηΛτF (zk))

GEG O(1)- and O(s)-resolution ODEs:

ż = −γΛτF (z)

ż = −γΛτF (z) + s(γΛτ∇F (z)ΛτF (z)− γ2

2 Λτ∇F (z)ΛτF (z))

= (−I + (1− γ
2 )sΛτ∇F (z))γΛτF (z)
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GEG and O(sr)-resolution ODEs (results)

Theorem

Let z∗ be a saddle point of f, let f satisfy technical assumptions and define

M =

{ |maxλ∈σ(ΛτH(z∗)){ℜ(λ)}|
max{L2,L

2

τ2 }
if maxλ∈σ(ΛτH(z∗))) ℜ(λ) < 0

∞ if maxλ∈σ(ΛτH(z∗))) ℜ(λ) = 0

(i) Consider the O(1)-resolution ODE of GEG and let τ > 0 and γ > 0.
Saddle points of f are exp. stable equilibria of GEG if ℜ(λ) ̸= 0 for λ ∈ σ(ΛτH(z∗)).

(ii) Consider the O(s)-resolution ODE of GEG and let τ > 0.
Saddle points of f are exp. stable equilibria of GEG if 0 < γ < 2 and
0 < s < min

{
M,min{L−1, τ

L}
}
.

Interpretation:

We can use (arbitrary) ODE-solvers to find saddle points

Can we use this property to come up with novel fixed-point methods?
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Conclusions

Main motivation: Min-Max problems

min
x

max
y

f(x, y), z = (x, y),

i.e., we want to find saddle points of f(z).

Saddle points satisfy ∇f(z) = 0 (but finding all critical points is hard).

We study fixed point methods by investigating stability properties of equilibria of
discrete-time and continuous-time dynamical systems

z+ = ws(z) and ż = w̄s(z)

For GEG, under appropriate step size selections (s), we show that saddle points are
exp. stable equilibria (i.e., we don’t need to find all critical points).

Can this analysis be used for algorithm design?

A similar analysis can be performed for other fixed point methods

Two-Timescale Gradient Descent Ascent; (Two-Timescale) Proximal Point Method;
(Regularised) Damped Newton; . . .
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