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Min-Max Problems

o Generative Adversarial

Networks

min max f(z,y),
Ty

o Distributionally Robust o Non-cooperative Games

Optimization
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Gradient Descent Ascent (GDA):

Thy1 = T — 2V f (2, )
Yk+1 = Yk +nVy f (@8, yr)

(step sizes T, 1)
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Gradient Descent Ascent (GDA):

Thy1 = T — 2V f (2, )
Yk+1 = Yk +nVy f (@8, yr)

(step sizes T, 1)

Discrete-time dynamical system:

241 = w(zg)
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Fixed Point Iterations & Dynamical Systems

then, GDA as (discrete-time) dynamical System

Gradient Descent Ascent (GDA):

Thy1 = T — 2V f (2, )
Ykt1 = Yk +Vy f(Tr, Yr)

(step sizes T, 1)

Discrete-time dynamical system:

21 = w(2k)

If we define
=y a=15 7
LCRI ]
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Zi+1 = w(zk) = 2z — NALF(z1)
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Fixed Point Iterations & Dynamical Systems

) then, GDA as (discrete-time) dynamical System
Gradient Descent Ascent (GDA):

Tpy1 = Tk — 2V f(Th, Yi) Zit1 = w(zk) = 2k — NALF(2k)

Ye+1 = Yk +nVyf(2k, Yx) Here,

e an equilibrium of the dynamical system (i.e.,
w(z®) = 2°) satisfies F'(2°) =0
e a fixed point of GDA satisfies F'(z) =0

e a stationary/critical point of f satisfies

(step sizes T, 1)

Discrete-time dynamical system:

Zhy1 = w(zk) F(z)=0
If we define
RERSY
Fo-| 570
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Fixed Point Iterations & Dynamical Systems

) then, GDA as (discrete-time) dynamical System
Gradient Descent Ascent (GDA):

Tpy1 = Tk — 2V f(Th, Yi) Zit1 = w(zk) = 2k — NALF(2k)

Ye+1 = Yk +nVyf(2k, Yx) Here,

e an equilibrium of the dynamical system (i.e.,
w(z®) = 2°) satisfies F'(2°) =0

e a fixed point of GDA satisfies F'(z) =0

e a stationary/critical point of f satisfies
zi+1 = w(2k) F(2)=0
But, what about

(step sizes T, 1)

Discrete-time dynamical system:

If we define
) @ second-order optimality?
2= {x ] LA, = [ ;OI ?} e convergence (stability/instability)?
Y @ connections to continuous-time dynamics
() = { Ve /(2 ]
-V, t —z(t

Ui
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min max f(r,y), 2= (r,y)
T oy

e e, TR e N e



min max f(zy), 2= (z,9)

Definition (Lipschitz continuity)

f has globally Lipschitz continuous gradients
with Lipschitz constant L, (f) > 0 if

IVF(z1) = VI(z2)ll < La(F)llzr — 22l Va1, 22

-~ PhilippBraun = 5/21



Optimality Conditions and Definitions

min max f(xuy)v z = (.’E7y)
x y

Definition (Lipschitz continuity)

f has globally Lipschitz continuous gradients
with Lipschitz constant Ly (f) > 0 if

IVF(z1) = V@)l < Li(Hller = 22l Va1, 2]

Definition (Stationary (Critical) Points)
Stationary point: Vf(z9) =0

Definition (e-Stationary Points)

e-stationary point: ||V f(zo)|| < e for
20 = (Z0,%0) and € > 0.
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Optimality Conditions and Definitions

min max f(z,y), z=(x,y) (Assumption: Finding all stationary points is hard.)
Tz oy

Definition (Lipschitz continuity)

f has globally Lipschitz continuous gradients
with Lipschitz constant Ly (f) > 0 if

IVF(z1) = V@)l < Li(Hller = 22l Va1, 2]

Definition (Stationary (Critical) Points)
Stationary point: V f(zo) =0

Definition (e-Stationary Points)

e-stationary point: ||V f(zo)|| < e for
20 = (Z0,%0) and € > 0.
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Optimality Conditions and Definitions

min max f(:c,y), z = (l‘,y)
x y

Definition (Lipschitz continuity)

f has globally Lipschitz continuous gradients
with Lipschitz constant Ly (f) > 0 if

IVf(z1) = VI(z2)ll < La(f)llz1r — 2|

VZl, Z9

Definition (Stationary (Critical) Points)
Stationary point: V f(z9) =0

Definition (e-Stationary Points)

e-stationary point: |V f(29)|| < e for
20 = (Z0,%0) and € > 0.

Philipp Braun

5 /21

(Assumption: Finding all stationary points is hard.)

Definition (Saddle Points/Nash equilibria)
z* = (z*,y*) is a (local) saddle point of f if:

fl@*,y) < f*,y") < flz,y*) V(z,y) €U

Proposition (Second order optimality)
Any saddle point (x*,y*) is a critical point of
f and satisfies

Vief(@",y") =0 and  V, f(a*,y") <0.

Limit Points of Min-Max Algorithms




Second-Order Optimality Analysis: A Dynamical Systems Perspective

Consider 27 = w(z), 2°=w(z°), w()isa Cl-function

Definition (Stability)
The equilibrium 2¢ is
o locally stable if, V ¢ > 0 3 § > 0, such that
20 € Bs(2%) = 2z, € Bo(2°) V k>0
QP an & ~ A _Asymptotids,
o unstable if it is not stable S I tability ™,

o locally asymptotically stable if it is stable and
3§ > 0 such that limg_,o 2 = 2° V 29 € Bs(2°) .

Theorem
o If p(%—f(ze)) < 1, then z¢ is locally asymp. stable.
o If p(22(2°)) > 1, then z° is unstable.
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Second-Order Optimality Analysis: A Dynamical Systems Perspective

Consider 27 = w(z), 2°=w(z°), w()isa Cl-function

Definition (Stability)
The equilibrium 2¢ is
o locally stable if, V ¢ > 0 3 § > 0, such that
20 € Bs(2%) = 2z, € Bo(2°) V k>0
QP an & ~ A _Asymptotids,
o unstable if it is not stable 2o A tability

o locally asymptotically stable if it is stable and
3§ > 0 such that limg_,o 2 = 2° V 29 € Bs(2°) .

Theorem
o If p(%(ze)) < 1, then z¢ is locally asymp. stable.
o If p(22(2°)) > 1, then z° is unstable.

Is there a connection between stability and saddle
points/Nash equilibria?
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Zip1 = w(zk) = 2z, — A F(z), 2= [x] A= [ %OI ?_] L F(2) = [ _sz(z) ]

Jacobian GDA dynamics:
P B
8—‘:(%) — I 4+gAH(z),  H(z) = [ !
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Limitations of GDA

2pt1 = w(zx) = 2 — A F(21), z = [:ﬂ , A= {%OI H , F(z) = [_sz(z)}

Jacobian GDA dynamics:

O ) = LA H (), H(2) = [—01 ﬂ V2£(2)

GDA diverges for any choice of step sizes, when H has imaginary eigenvalues at the saddle
point as p(%—’;(ze)) > 1. J
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Limitations of GDA

21 = w(zk) = 21 — AL F(21), 2= [x} A, = { = 0} , F(z) = [_sz(z)

Jacobian GDA dynamics:

Teo=remac). a6 =[ Y v

GDA diverges for any choice of step sizes, when H has imaginary eigenvalues at the saddle
point as p(%—’;(ze)) > 1. J

. 15 M | . —
Example: . A‘ (ﬁl \“‘\ “ . A‘ W‘ M i / TR
o f(x,y) ==y : e T /ﬁN

. VAL . AARTHLEH o) )
e Even though (0,0) is a " WVVUM‘””" N/w‘/\/\/v”‘\\\‘ n “k@ "

saddle point, GDA does \ \!\ ;“ | ‘\\J I‘ \ /
not converge. - ! oo \,\7 =

y
y

G 100 200 300 400 500 G 100 200 300 400 500 20 -15 -10 5 6 5 10 15
Iterations Iterations X
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Generalised Extra Gradient algorithm:

&y = 2 — a1 Ve f(Tr, Yr)
Uk =Yk + a1y Vy f(Tr, k)
Thy1 = Tp — 2 Vo f(Zk, Ur)
Yk1 = Yk + a2y Vy f (T, U

TS 5/ 21 S S A S



Generalised Extra Gradient Algorithm

Generalised Extra Gradient algorithm: Extra Gradient Algorithms in the Literature:
Ty = xp — a1V f(Th, Yk Algorithm | Parameters
Uk = EG |7=1] =1

-EG ‘721‘ y=1
EG+ |[r=1]0<y<1

|
<
Ead
_|_
Q
flay
<
<
<
\
—~
8
T
N
ol
— =

Step size simplification GEG ‘ 7>0 ‘ v>0
Q2 (e%) aq Q2
= Q2w Q2 Q0%
A1y A1y A1y a2y
= a1y
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Generalised Extra Gradient Algorithm

Generalised Extra Gradient algorithm:

Ty = 2p — a1 Va f(Th, Yi)
Uk = Yk + 1y Vy f(k, yr)
= )

)

Th41

Yk+1 = Yk + a2y Vy f(Tr, U

Step size simplification

L 02 _ Q2 _ oy _ oy
A1z CY1y7 A1z Qg
=01y
Recall notation:
T 1y 0] { Vif(2) }
z= , A= 7 , F(z)= .
M [ 0 1) T v,

Philipp Braun 8 /21

Extra Gradient Algorithms in the Literature:

Algorithm‘ Parameters
EG |7=1] =1
-EG ‘721‘ y=1
EG+ |[r=1]0<y<1
GEG ‘T>0‘ ¥>0

GEG as Dynamical System:

Zpq1 = w(zk) = 2k — VAL F (2 — nA- F(21))

Limit Points of Min-Max Algorithms



Linearisation of w:
GEG as Dynamical System:

where

=[] e

vy T o /21 e e N AT SR



GEG for f(z,y) = xy

Linearisation of w:
GEG as Dynamical System:

ow
2ip1=w(zk) =2k —YNAL F (2, —1A - F(21)) E(z) =T+ A H(z — nAF(2))(I1+ A, H(2))
where

Ho) - {_1 0

) 1 e

For f(z,y) =2y with n=05 7=0.2 and =025

1.00 10 10
0.75
08 08
0.50
0.6 0.6
025
" > >
04 04
0.00
025 02 ‘ 02
| S s
0.75
G 100 200 300 400 500 G 100 200 300 400 500 ~075-050 025 0.00 025 050 0.75 100
Iterations Iterations X
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GEG Limit Points

GEG:

Theorem
o Let f be C?

e Let Vf be globally Lipschitz with L > 0
o Letn e (0,¢) forc>0.

If (1,v) € P1 U Py, where
Pr={(r,N0<7<1,0<7y< 355}
Po={(r,y)lr>1, 0<v< 55}

then

o for any unstable equilibrium z* of GEG,
R(z*) is of measure zero.

v,

Region of attraction:

Philipp Braun
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1.0

0.8

0.6

0.4

0.2

0.0

R(z*) = {zo

21 =w(zi) = 21—y A F (5~ A F (21))

Visualisation of Py U Py for ¢ = 0.8

P1
P2

lim zp = 2%, zp41 = w(zk)}
k— o0
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GEG Limit Points

GEG: Zpr1=w(zk) =2k — YA F (2 —nA-F(21))

Theorem
Let f be C2%, V2f(z*) be invertible and let T > 0, n € (0, %)
o If [o(A-H(2*)) CR and v € (0,8)] OR ~ € (0,1]

Then the set of saddle points of f is a subset of the set of locally asymptotically stable
equilibria of GEG.
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GEG Limit Points

GEG: Zpr1=w(zk) =2k — YA F (2 —nA-F(21))

Theorem
Let f be C2%, V2f(z*) be invertible and let T > 0, n € (0, %)
o If [c(A-H(z*)) CR and v € (0,8)] OR v € (0,1]

Then the set of saddle points of f is a subset of the set of locally asymptotically stable
equilibria of GEG.

Remark

There are functions f and asymptotically stable equilibria z* of GEG, which do not
characterise saddle points of f.
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Numerical Example (Function With Several Equilibria)

2.
flay) = filz,y)(@ = 1)@y = 1)* + falz,y)a’y?, Ul Pl P
1. Stable Fixed Points
Local Nash and Stable Fixed Points

fi(z,y) = —0.252% — 0.5y + 0.6y
fa(z,y) = 0.52% + 0.5y + 4y

Equilibria | GEG-stable | Saddle point

(0,0) YES NO

(0,1) YES YES

(1,0) NO NO :
(—4.73,0.56) YES YES — . o
(1.02,—0.09) NO NO Classification of critical points:
(0.73, —5.40) NO NO e (Black) unstable equilibria
(—0.09,1.01) NO NO o (Red/White) asymp. stable equilibria
(38.40, —1.49) YES YES

o (White) asymp. stable equilibria & saddle points

= oo e Limit Points of Min-Max Algorithms



Empirical Risk Minimisation for a Binary Classification Using NN

min max — 377, pi[ys log(§(Xi;0)) + (1= ) log(1 = §(Xi:0))] — v 3202, (pi — 1y2

m

(X 0) is generated by a single-hidden-layer network (size 50, LeakyReLU) with
n = 1601, m = 455.

1071

— Vel
— (|1l Starting from random initialisations, where

o o(V3f(20)) C (~10,10),
the iterates converge to limit points where
o Vf(z7) 0,
o V2, f(2%) <0,
o o(Vi,f(z*)) C (=107°,102).

102

1073

1071

1075

10° 10! 10% 10° 10*

Philipp Braun 13 / 21 Limit Points of Min-Max Algorithms



Intermediate summary

So far, we have ...
o considered iterative fixed point methods

o written the fixed point methods as discrete-time dynamical systems
21 = w(z)

e analysed stability properties of equilibria/fixed points z* based on eigenvalue cond.:

p (%(z*)) <1 (or >1)

Philipp Braun 14 / 21 Limit Points of Min-Max Algorithms



Intermediate summary

So far, we have ...
o considered iterative fixed point methods

o written the fixed point methods as discrete-time dynamical systems
Zp+1 = w(zg)

e analysed stability properties of equilibria/fixed points z* based on eigenvalue cond.:

p (?;j(f)) <1 (or >1)

But ...
o the eigenvalue condition is limited.

@ can we also identify continuous-time dynamical systems z = w(z) for fixed point
methods (and analyse stability properties of their equilibria)?

o Can we use the results to derive novel iterative algorithms?

Philipp Braun 14 / 21 Limit Points of Min-Max Algorithms



Stability revisited

Consider zt =w(z), 2°=w(z9),

Definition (Stability)
The equilibrium z€ is
@ locally stable if, Ve > 034§ > 0, s.t.
20 € Bs(2°) = z, € Bo(2°) VE >0
e unstable if it is not stable

o locally asymp. stable if it is stable and
36§ >0 s.t.
limg_ 00 ||Zk||ze =0V z € 65(2’6)

o locally exp. stable if it is stable and
AM,6 >0, p<l,s.t.
lz&llze < M||20]|2cp* VE V 20 € Bs(2°)

Philipp Braun 15 / 21 Limit Points of Min-Max Algorithms



Stability revisited

Consider zt =w(z), 2°=w(z9),

Definition (Stability)
The equilibrium z€ is
@ locally stable if, Ve > 034§ > 0, s.t.
20 € Bs(2°) = z, € Bo(2°) VE >0
e unstable if it is not stable

o locally asymp. stable if it is stable and
36§ >0 s.t.
limg o0 |25 || 2e =0V 29 € Bs(2°)

o locally exp. stable if it is stable and
AM,6 >0, p<l,s.t.
lzxllze < Mllzol|ocp* Yk ¥ 20 € Bs(2°)

Philipp Braun

Consider z = w(z), 0= w(z9),

Definition (Stability)
The equilibrium z€ is
o locally stable if, Ve > 034§ > 0, s.t.
20 € Bs(2°) => 2(t) € B:(2°) Vt € R>g
o unstable if it is not stable

o locally asymp. stable if it is stable and
36 >0 s.t.
lim; o0 [|2(6)]|2e =0V 20 € Bs(2°)
o locally exp. stable if it is stable and
3 M,0,\ >0, s.t.
2(t)llze < M| zo|l2ce ™ VE, ¥ 20 € Bs(2°)

V,

Limit Points of Min-Max Algorithms



Stability revisited

Consider zt =w(z), 2°=w(z9),

Definition (Stability)
The equilibrium z¢ is
@ locally stable if, Ve > 034§ > 0, s.t.
20 € Bs(2°) = z, € Bo(2°) VE >0
e unstable if it is not stable

o locally asymp. stable if it is stable and
36§ >0 s.t.
limg o0 |25 || 2e =0V 29 € Bs(2°)

o locally exp. stable if it is stable and
AM,6 >0, p<l,s.t.
lz&llze < M||20]|2cp* VE V 20 € Bs(2°)

Can be stated in terms of invariant sets: || - |4,

Philipp Braun

Consider z = w(z), 0= w(z9),

Definition (Stability)
The equilibrium z€ is
o locally stable if, Ve > 034§ > 0, s.t.
20 € Bs(2°) => 2(t) € B:(2°) Vt € R>g
o unstable if it is not stable

o locally asymp. stable if it is stable and
36 >0 s.t.
lim; o0 [|2(6)]|2e =0V 20 € Bs(2°)
o locally exp. stable if it is stable and
3 M,0,\ >0, s.t.
2(t)llze < M| zo|l2ce ™ VE, ¥ 20 € Bs(2°)

V,

A C R? closed (and bounded)

Limit Points of Min-Max Algorithms



Stability revisited (Lyapunov characterizations)

Consider 2zt = w(z), 2¢=w(z%),

Definition (Stability)
The equilibrium z°€ is

o locally exp. stable if it is stable and
A M,0>0,p<1,s.t.
lz&llze < M||2ol|zcp® Yk V 2 € Bs(2°)

v

Theorem (Lyapunov characterisation)
Equilibrium z¢ is exp. stable iff there exist
A1, A2,0 >0, c€(0,1) and V : Bs(2°) — R?
S.1.
A2l < V(z) < Xallzl2,
V(zt) - V(z) < —cV(z) Vz € Bs(z°)

Philipp Braun
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Stability revisited (Lyapunov characterizations)

Consider 2zt = w(z), 2¢=w(z%),

Definition (Stability)
The equilibrium 2¢ is

o locally exp. stable if it is stable and
A M,0>0,p<1,s.t.
2kl < Mllz0]l2cp* VE ¥ 20 € Bs(2°)

v

Theorem (Lyapunov characterisation)

Equilibrium z¢ is exp. stable iff there exist
A1, A2,0 >0, c€(0,1) and V : Bs(2°) — R?
S.1.

Philipp Braun
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Consider z = w(z), 0=w(z°),

Definition (Stability)
The equilibrium z€ is

o locally exp. stable if it is stable and
3 M,0,\ >0, s.t.
l2(8)llz < M]zo|loce™" V2, V¥ 20 € Bs(2°)

Theorem (Lyapunov characterisation)
Equilibrium z¢ is exp. stable iff there exist
A1, A2, >0, ¢>0 and V : Bs(2°) — R
(C1) s.t.
Allzllz, < V(2)
(VV(2),w(2))

2|22,

<A
< —cV(z)

Vz € Bs(2°)

Limit Points of Min-Max Algorithms



Stability Link Between Discrete and Continuous Dynamics

Consider & = ws(z) and 27 = w,(z) for s > 0 and common equilibrium z¢.
Assumption (Consistency of order r)
For r > 2, suppose that for any zg we have

12(s5 20) — 2F|| = ll2(s3 20) — wa(20)[| < O(s").

Philipp Braun 17 / 21 Limit Points of Min-Max Algorithms



Stability Link Between Discrete and Continuous Dynamics

Consider & = ws(z) and 27 = wy(2) for s > 0 and common equilibrium z°.
Assumption (Consistency of order r)
For r > 2, suppose that for any zy we have

12(s5 20) — 2F|| = ll2(s3 20) — wa(20)[| < O(s").

Example (Explicit Euler discretisation)

Consider z = f(z) (with f(0) =0)) and 2™ = 2z + sf(2).
Taylor approximation: z(t + s) = z(t) + s2(t) + s?2(t + §) = 2(t) + sf(z(t)) + O(s?)

Philipp Braun 17 / 21 Limit Points of Min-Max Algorithms



Stability Link Between Discrete and Continuous Dynamics

Consider & = ws(z) and 27 = wy(2) for s > 0 and common equilibrium z°.
Assumption (Consistency of order r)
For r > 2, suppose that for any zy we have

12(s5 20) — 2F|| = ll2(s3 20) — wa(20)[| < O(s").

Theorem

o If z¢ is locally exp./asympt. stable wrt ws(-),

o Then 3 s* such that ¥V s € (0,s*], 2¢ is a locally exp./asymp. stable wrt. ws(-)

Example (Explicit Euler discretisation)

Consider z = f(z) (with f(0) =0)) and 2™ = 2z + sf(2).
Taylor approximation: z(t + s) = z(t) + s2(t) + s?2(t + §) = 2(t) + sf(z(t)) + O(s?)

Philipp Braun 17 / 21 Limit Points of Min-Max Algorithms



From discrete-time to continuous-time

Definition (O(s")-resolution ODE)

For r € N, consider 2 = @w%(2) = fo(2) + sf1(2) + -+ 8" fr(2), fi:R?— R Cl-fens..
Then w”(z) is called O(s")-resolution ODE of 2+ = wy(z), if it satisfies

I2(s; z0) — ws(20)|| = O(s") V zo € R%.

Philipp Braun 18 / 21 Limit Points of Min-Max Algorithms



From discrete-time to continuous-time

Definition (O(s")-resolution ODE)

For r € N, consider 2 = @w%(2) = fo(2) + sf1(2) + -+ 8" fr(2), fi:R?— R Cl-fens..
Then w’(z) is called O(s")-resolution ODE of 2™ = w;s(z), if it satisfies

”Z(S; ZO) - ws(ZO)” = O(ST) V2o € Rd.

Theorem (O(s")-resolution ODE construction)

Consider 2 = wg(z) with wo(z) = 2 V 2 € R%. Then the O(s")-resolution ODE is unique
and coefficient functions of w}(z) can be obtained recursively, i.e.,

. 1 8i+1ws(z) i+1 1 8
fz(z) = G+l T o5l |s—0 1=2 ﬁhl,i+1_l(z), Vi= O, 1, 0oaglly

where hoo(2) = z, h14(2) = fi(z) fori € {0,...,r} and

hir14(2) = Si_y Vhii(2)haii(2), hoi(z) =0 forije{1,...,r}.

Lu, H. An O(s")-resolution ODE framework for understanding discrete-time algorithms and applications to the linear convergence
of minimax problems. Math. Program. 194, 1061-1112 (2022).
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Generalised Extra Gradient Algorithm (revisited)

Generalised Extra Gradient algorithm: Recall notation:
x 17 0} { v f(Z)]
L _ Z= A= , F(z)= .
Tp =T — 01z Va f(xkayk [ } [ 0 I (2) —Vyf(z)
Uk = Y + a1y Vy f(
Tht1 = Tp — 2z Vo f (T
Yk+1 = Yk + a2y V, f(2

GEG as Dynamical System:

zp41 = w(2k) = zx — YALF (21 — 1A F(21))

/\,\

GEG O(1)- and O(s)-resolution ODEs:

2=—v\,F(z)
2= —YAF(2) + s(YA,VF(2)A, F(2) — LA VF(2)A, F(2))
= (~I+ (1 - 3)sA,VE(2))7A, F(2)
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GEG and O(s")-resolution ODEs (results)

Theorem

Let z* be a saddle point of f, let f satisfy technical assumptions and define

| maxyeo - H(z* {RN)} 9
M= { A;;i{fz(,i—)i)} if  maxyeq(a, m(z+)) R(A) <0
00 if  maxyeoa,H(z)) R(A) =0

(i) Consider the O(1)-resolution ODE of GEG and let T > 0 and v > 0.

Saddle points of f are exp. stable equilibria of GEG if R(\) # 0 for A € o(AH(z")).
(ii) Consider the O(s)-resolution ODE of GEG and let T > 0.

Saddle points of f are exp. stable equilibria of GEG if 0 < v < 2 and

0 < s <min{M,min{L~!, Z}}.

Philipp Braun 20 / 21 Limit Points of Min-Max Algorithms



GEG and O(s")-resolution ODEs (results)

Theorem

Let z* be a saddle point of f, let f satisfy technical assumptions and define

| maxyeo AR}
M = { Afn;i{fz( L:} i maxieo(a (=) R(A) <0
00 if  maXyeo(a, H(=+)) R(A) =0

(i) Consider the O(1)-resolution ODE of GEG and let T > 0 and v > 0.
Saddle points of f are exp. stable equilibria of GEG if R(\) # 0 for A € o(AH(z")).
(ii) Consider the O(s)-resolution ODE of GEG and let T > 0.
Saddle points of f are exp. stable equilibria of GEG if 0 < v < 2 and
0 < s <min{M,min{L~!, Z}}.
v

Interpretation:
e We can use (arbitrary) ODE-solvers to find saddle points
@ Can we use this property to come up with novel fixed-point methods?
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Conclusions

o Main motivation: Min-Max problems
min max f(z,y),  z=(z,y),
z oy

i.e., we want to find saddle points of f(z).

o Saddle points satisfy V f(z) = 0 (but finding all critical points is hard).

o We study fixed point methods by investigating stability properties of equilibria of
discrete-time and continuous-time dynamical systems

2t = w,(2) and Z = ws(z)

For GEG, under appropriate step size selections (s), we show that saddle points are
exp. stable equilibria (i.e., we don’t need to find all critical points).

Can this analysis be used for algorithm design?

A similar analysis can be performed for other fixed point methods

o Two-Timescale Gradient Descent Ascent; (Two-Timescale) Proximal Point Method,;
(Regularised) Damped Newton; ...
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