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Output Regulation

Yr t e(t
( )><—> ) »| Controller

!

Plant

Consider perturbed linear system:

T = Ax + Bu + Eud
y=Czx+ Du+ Fud,

with disturbance d
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Output Regulation

Consider perturbed linear system:

yr(t) e(t) u(t) y(t) _
> — | Controller ——»| Plant > T = Az + Bu+ Eq4d
T y = Cxz + Du+ Fud,
with disturbance d

Goal: asymptotically track a reference signal

y(t) = yr(t) (regardless of the disturbance)
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Output Regulation
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Goal: asymptotically track a reference signal

y(t) = yr(t) (regardless of the disturbance)

Tracking error:

e(t) = y(t) —y:(t)

Cxz(t) + Du(t) + Fad(t) — yr(t)

Consider perturbed linear system:

T = Ax + Bu + Eud
y=Czx+ Du+ Fud,

with disturbance d
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Output Regulation

Consider perturbed linear system:

yr(t) e(t) u(t) y(t) _
> — | Controller ——»| Plant > T = Az + Bu+ Eq4d
T y = Cxz + Du+ Fud,
with disturbance d

Goal: asymptotically track a reference signal
y(t) = yr(t) (regardless of the disturbance)

Tracking error:

e(t) = y(t) — yr(t)
= Cz(t) + Du(t) + Fad(t) — yr(¢t)

Assumption: Reference and disturbance satisfy

Ur = Ay, and  d = Aqd,
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Output Regulation

yr(t) e(t)
> — | Controller ——»| Plant

Consider perturbed linear system:

!

> &= Axr+ Bu+ Eqd
y=Czx+ Du+ Fud,

Goal: asymptotically track a reference signal
y(t) = yr(t) (regardless of the disturbance)

Tracking error:

e(t) = y(t) —yr(t)
= Cxz(t) + Du(t) + Fyad(t) — yr(t)
Assumption: Reference and disturbance satisfy

ir = Ay and  d = Add,
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with disturbance d

Additional Assumptions/Definitions:
@ Exosystem:

w:[gg}, 11):A1w, A1:|:

@ Overall system dynamics:
&= Az + Bu+ [0 Eglw= Az + Bu+ Ew
w= Ajw
e=Cz+ Du+ [-I Fglw=Cx+ Du+ Fw
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Example
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Setting and Observations:
@ Tracking of a piecewise constant reference signal
@ The frequency of the disturbance d changes after 20 seconds
@ Only convergence of the output but not the state is guaranteed
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Output Regulation: Problem Formulation and Controller design

(Linear) Output regulation problem: For
& = Az + Bu + Ew
liI:Alw
e=Czx+ Du+ Fw

define
u= K;x+ Kyw

such that
o hmt_)oo e(t) =0

@ limy_,o0 z(t) = 0 for w = 0.
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Output Regulation: Problem Formulation and Controller design

(Linear) Output regulation problem: For

&= Ax + Bu+ Ew
1U=A1w
e=Cz+ Du+ Fw
define
u= K.z + Kyw
such that
o hmt_)oo e(t) =0

@ limy_,o0 z(t) = 0 for w = 0.

It holds that
Ze = (A4 BKy)ze + (E+ BKy)w = Acze + Bew
w = A1w

e=(C+ DKy)xc+ (F+ DKy)w = Ceze + Dow

C.M. Kellett & P. Braun Introduction to Nonlinear Control

(Ch. 13) Output Regulation

4/6



Output Regulation: Problem Formulation and Controller design

Task: Find K, and K, such that
@ A. is Hurwitz and
° tlggo e(t) = tlirgo (Cexe(t) + Dew(t)) =0
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Output Regulation: Problem Formulation and Controller design

(Linear) Output regulation problem: For

& = Az + Bu+ Ew
w = Ajw
e=Cx+ Du+ Fw
define
u= K.z + Kyw
such that
@ limi,0e(t) =0
@ lim; o z(t) = 0 for w = 0.
It holds that
e = (A4 BKy)ze + (E + BKyw)w = Acze + Bew
w = Aw

e=(C+ DKy)xc+ (F+ DKy)w = Ceze + Dow

C.M. Kellett & P. Braun Introduction to Nonlinear Control

Task: Find K, and K, such that
@ A. is Hurwitz and
° tlggo e(t) = tlggo (Cexe(t) + Dew(t)) =0

Lemma

Assume A. is Hurwitz and A, has no eigenvalues
with negative real parts. Then lim;_, e(t) = 0 iff
there exists a unique X. satisfying

XcAl = AcXc aF Bc, 0= C’c)(c = Dc-
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Output Regulation: Problem Formulation and Controller design

Task: Find K, and K, such that

(Linear) Output regulation problem: For ) )
@ A, is Hurwitz and

& = Az + Bu + Ew o lim e(t) = lim (Ceze(t) + Dow(t)) =0
u.) _ Alw t— o0 t— o0
e=Cx+ Du+ Fw Lemma
define Assume A. is Hurwitz and A: has no eigenvalues
u= Kyx+ Kypw with negative real parts. Then lim;_, e(t) = 0 iff

there exists a unique X. satisfying
such that

° hmt%oo e(t) =0 XcAl = AcXc aF Bc, 0= C’c)(c = Dc-

@ lim; o z(t) = 0 forw = 0. Controller design:

It holds that @ Select K, so that A, = A + BK,, is Hurwitz.
. = (A+ BK,)x. + (E + BKy)w = Acxc + Bew @ Solve (unknowns: X, and K,,)
w = A1w

X.A1=(A+BK;)X.+ BK,+FE

e=(C+ DKs)ze + (F+ DKuw)w = Ceve + Dew 0= (C+DK.) X, + DKy + F
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Output Regulation: Motivation and Problem Formulation

Controller design:
@ Select K, so that A. = A + BK,, is Hurwitz.
@ Solve (unknowns: X, and K,)

X(:Al = (A + BK:):) X(: + BKw + E
0= (C+ DK,)Xe + DKy + F

Drawback: K, and K,, are designed sequentially
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Output Regulation: Motivation and Problem Formulation

Controller design:
@ Select K, so that A. = A + BK,, is Hurwitz.
@ Solve (unknowns: X, and K,)

X(:Al = (A + BK:E) X(: + BKLL + E
0= (C+ DK,)Xe + DKy + F

Drawback: K, and K,, are designed sequentially
Consider coordinate transformation:

X1 [ 1 o X.
U | | Ko I Ky
leading to (regulator equations)
XA =AX+BU+E

0=CX+DU+F

@ linear in unknowns X, U
0 K, =U—-K,X forall K,
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Output Regulation: Motivation and Problem Formulation

Controller design:

, ) Theorem (Regulator equations)
@ Select K, sothat A. = A+ BK, is Hurwitz.

. The regulator equations are solvable for any
O Solve (unknowns: X. and K., matrices E and F iff for all eigenvalues \ of A1, it
XAy = (A+ BK,) X. + BK, + E holds that
0= (C+DK,)X.+ DK, +F A—X B
rank C D =n-+p

Drawback: K, and K., are designed sequentially
Consider coordinate transformation: (where the matrix has dimension (n + p) x (n + p))

o)=L v]l&]

leading to (regulator equations)

XA =AX+BU+E
0=CX+DU+F

@ linear in unknowns X, U
0 K, =U—-K,X forall K,



Output Regulation: Motivation and Problem Formulation

Controller design:
@ Select K, so that A. = A + BK,, is Hurwitz.
@ Solve (unknowns: X, and K,)
X.A1 =(A+BK,;)X.+BK,+FE
0=(C+ DK,)X.+ DK, +F

Drawback: K, and K., are designed sequentially
Consider coordinate transformation:

X1 [ 1 o X.
U | | Ko I Ky
leading to (regulator equations)

XA =AX+BU+E
0=CX+DU+F

@ linear in unknowns X, U
0 K, =U—-K,X forall K,
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Theorem (Regulator equations)

The regulator equations are solvable for any
matrices E and F iff for all eigenvalues \ of A, it
holds that

A—)X B
rank([ C D])In‘i‘P

(where the matrix has dimension (n + p) x (n + p))

Extension 1: Uncertain linear systems

& = A(8)z + B(S)u+ E(S)u
e = C(8)z + D(8)u + F(5)u
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Output Regulation: Motivation and Problem Formulation

Controller design:
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Theorem (Regulator equations)

The regulator equations are solvable for any
matrices E and F iff for all eigenvalues \ of A, it
holds that

A—)X B
rank([ C D])=“+P

(where the matrix has dimension (n + p) x (n + p))

v

Extension 1: Uncertain linear systems

& = A(8)z + B(S)u+ E(S)u
e = C(8)z + D(8)u + F(5)u

Extension 2: Nonlinear Output Regulation:
T = F(z,u,w)
w = a1(w)
e = H(z,u,w)
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